Common boundary regular fixed points for holomorphic semigroups in strongly convex domains by Abate, Marco & Bracci, Filippo
Contemporary Mathematics
Common Boundary Regular Fixed Points for Holomorphic
Semigroups in Strongly Convex Domains
Marco Abate and Filippo Bracci
Abstract. Let D be a bounded strongly convex domain with smooth bound-
ary in CN . Let (φt) be a continuous semigroup of holomorphic self-maps of D.
We prove that if p ∈ ∂D is an isolated boundary regular fixed point for φt0 for
some t0 > 0, then p is a boundary regular fixed point for φt for all t ≥ 0. Along
the way we also study backward iteration sequences for elliptic holomorphic
self-maps of D.
1. Introduction
Let D ⊂ CN be a bounded domain. A continuous one-parameter semigroup
of holomorphic self-maps of D (or, shortly a semigroup of holomorphic self-maps
of D) is a family (φt)t≥0 of holomorphic self-maps of D such that φt+s = φt ◦ φs
for all s, t ≥ 0, φ0 = idD, and R+ ∋ t 7→ φt(z) is locally absolutely continuous
locally uniformly in z. Namely, (φt) is a continuous semigroup morphism between
the semigroup (R+,+) endowed with the Euclidean topology and the composition
semigroup of holomorphic self-maps of D endowed with the topology of uniform
convergence on compacta. Every semigroup of holomorphic self-maps of D is gen-
erated by an R-semi-complete holomorphic vector field onD, called the infinitesimal
generator associated with the semigroup.
Semigroups of holomorphic self-maps have been extensively studied (see, e.g.
[27]), in connection with various areas of analysis, including geometric function
theory, operator theory, iteration theory, theory of branching stochastic processes,
Loewner theory.
The aim of this paper is to give a contribution to boundary dynamics of semi-
groups on a bounded strongly convex domain with smooth boundary D ⊂ Cn,
studying common boundary (regular) fixed points of semigroups in D (among
which, a particular interesting case is the unit ball of CN ).
As holomorphic self-maps of a domain might not extend continuously to the
boundary if p ∈ ∂D and f : D → D is holomorphic, one might think of p as a
boundary fixed point of f if f admits limit p along all sequences converging to p
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in some “admissible” subset of D (see Section 2 for precise definitions). In case
D = D the unit disc of C, such admissible subsets are exactly the Stolz angles, and
thus p ∈ ∂D is a boundary fixed point of f if f has non-tangential limit p at p.
Boundary fixed points can be divided into two categories: the boundary regular
fixed points – BRFP’s for short, and the irregular (or super-repulsive) fixed points.
In the unit disc, the first category is formed by those boundary fixed points for
which the angular derivative of the map exists finitely. By the classical Julia-
Wolff-Carathe´odory theorem, the existence of the (finite) angular derivative at a
boundary point for a holomorphic self-map of D corresponds to the finiteness of the
so-called boundary dilatation coefficient, which, roughly speaking, measure the rate
of approach of f(z) to p as z → p. In higher dimension, a boundary regular fixed
point for a holomorphic self-map f of D is a point p ∈ ∂D for which the admissible
limit of f at p is p and the boundary dilation coefficient of f at p is finite.
Common boundary regular fixed points for a semigroup (i.e., boundary points
which are BRFP’s for each element of the semigroup) have been studied and char-
acterized in terms of the local behavior of the associated infinitesimal generator in
[13, 19, 15, 17, 5, 9].
Moreover, it is known (see, [12, Theorem 1], [13, Theorem 2], [28, p. 255],
[16]) that given a semigroup (φt) of holomorphic self-maps of D, a point p ∈ ∂D
is a boundary (regular) fixed point of φt0 for some t0 > 0 if and only if it is a
boundary (regular) fixed point of φt for all t ≥ 0. The proof of this fact relies
on the existence of the so-called Ko¨nigs function, a univalent map from D to C
which (simultaneously) linearizes the semigroup (φt). Such a tool is not available in
higher dimension in general, due essentially to the lack of a Riemann uniformization
theorem.
The aim of this paper is to extend part of the previous results to higher di-
mension using an argument based on complex geodesics and backward iteration
sequences. In order to state our result, we say that if f : D → D is holomorphic
and p ∈ ∂D is a BRFP with boundary dilatation coefficient A > 0, then p is isolated
if there exists a neighborhood U of p such that U ∩ ∂D contains no BRFP’s for f
with boundary dilatation coefficients ≤ A except p.
Then our main result (proved in Section 6) can be stated as follows.
Theorem 1.1. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary. Let (φt) be a semigroup of holomorphic self-maps of D. Suppose p ∈ ∂D
is an isolated boundary regular fixed point for φt0 for some t0 > 0. Then p is a
boundary regular fixed point for φt for all t ≥ 0.
The proof of Theorem 1.1 relies on the study of “regular contact points” for
semigroups and backward iteration sequences. In particular, in Section 5, using
complex geodesics, we prove that given a regular contact point p ∈ ∂D for φt0 for
some t0 > 0, then p is a regular contact point for φt for all t ∈ [0, t0] and the curve
[0, t0] ∋ t 7→ φt(p) ∈ ∂D is continuous, extending to higher dimension one of the
results in [11]. Along the way, in Section 3 we extend the results about existence
and convergence of backward iteration sequences for holomorphic self-maps of D
obtained in [3] to the case of “rotational elliptic maps”.
We thank the referee for some valuable comments.
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2. BRFP’s in strongly convex domains
Let D be a bounded strongly convex domain in Cn with smooth boundary. A
complex geodesic is a holomorphic map ϕ : D → D which is an isometry between
the Poincare´ metric kD of D = {ζ ∈ C | |ζ| < 1} and the Kobayashi distance kD in
D ([20]). A holomorphic map h : D → D is a complex geodesic if and only if it is
an infinitesimal isometry between the Poincare´ metric κD of D and the Kobayashi
metric κD of D (see [1, Ch. 2.6]).
According to Lempert (see [21, 22, 23] and [1]), any complex geodesic extends
smoothly to the boundary of the disc and ϕ(∂D) ⊂ ∂D. Moreover, given any two
points z, w ∈ D, z 6= w, there exists a complex geodesic ϕ : D → D such that
z, w ∈ ϕ(D). Such a geodesic is unique up to pre-composition with automorphisms
of D. Conversely, if ϕ : D→ D is a holomorphic map such that kD(ϕ(ζ1), ϕ(ζ2)) =
kD(ζ1, ζ2) for some ζ1 6= ζ2 ∈ D, then ϕ is a complex geodesic.
Similarly, given z ∈ D and v ∈ TzD\{0}, there exists a unique complex geodesic
such that ϕ(0) = z and ϕ′(0) = λv for some λ > 0.
If ϕ : D → D is a complex geodesic, then there exists a (unique when suitably
normalized) holomorphic map ρ˜ : D → D, smooth up to ∂D such that ρ˜ ◦ ϕ = idD.
The map ρ˜ is called the left inverse of ϕ. It is known that ρ˜−1(eiθ) = {ϕ(eiθ)}
for all θ ∈ R, while the fibers ρ˜−1(ζ) are the intersection of D with affine complex
hyperplanes for all ζ ∈ D (see, e.g., [10, Section 3]).
In the sequel, we shall use the following result (see [10, Corollary 2.3, Lemma 3.5])
Proposition 2.1. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary, and let z0 ∈ D. Let {ϕk}k∈N be a family of complex geodesics of
D such that ϕk(0) = z0 for all k ∈ N and let ρ˜k denote the left inverse of ϕk for
k ∈ N. If {ϕk} converges uniformly on compacta of D to a function ϕ : D → CN ,
then ϕ is a complex geodesic and ϕk → ϕ uniformly in D. Moreover, {ρ˜k} converges
uniformly in D to the left inverse ρ˜ of ϕ.
Given z0 ∈ D and p ∈ ∂D, we will denote by ϕp : D → D the unique complex
geodesic such that ϕp(0) = z0 and ϕp(1) = p and by ρ˜p its left inverse. We will
also denote
ρp := ϕp ◦ ρ˜p : D → ϕp(D).
We recall now the notion of “admissible limits” in a strongly convex domain
(see [1, 2]).
Definition 2.2. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary and let z0 ∈ D and p ∈ ∂D. A sequence {zk} ⊂ D converging to
p is said to be special if
lim
k→∞
kD(zk, ρp(zk)) = 0.
The sequence {zk} is called restricted if ρ˜p(zk) → 1 non-tangentially in D. A
continuous curve γ : [0, 1] → D such that γ(1) = p is called special, respectively
restricted, provided for any sequence {tk} ⊂ [0, 1) converging to 1, the sequence
{γ(tk)} is special, respectively restricted.
Definition 2.3 ([1], [2]). Let D ⊂ CN be a bounded strongly convex domain
with smooth boundary and let z0 ∈ D. Let p ∈ ∂D and M > 1. The K-region
Kz0(p,M) of center p, amplitude M and pole z0 is
Kz0(p,M) :=
{
z ∈ D | lim
w→p
[kD(z, w)− kD(z0, w)] + kD(z0, z) < logM
}
.
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Note that the pole z0 does not play any role and changing the pole just changes
the amplitude of the K-region.
Let {zk} ⊂ D be a sequence converging to p ∈ ∂D. It is known ([1, Lemma 2.7.12],
[2]) that if {zk} ⊂ Kz0(p,M) for someM > 1 then {zk} is restricted. While, if {zk}
is special and restricted then it is eventually contained in a K-region Kz0(p,M) for
some M > 1.
A holomorphic self-map f of D has K-limit q at p ∈ ∂D, and we write
K- lim
z→p
f(z) = q or, for short, q = f(p) if K- lim
k→∞
f(wk) = q for every sequence
converging to p and such that {wk} ⊂ Kz0(p,M) for some M > 1.
Definition 2.4. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary and let z0 ∈ D. Let f : D → D be holomorphic and let p ∈ ∂D.
The boundary dilation coefficient αp(f) ∈ (0,+∞] of f at p is defined by
1
2
logαp(f) := lim inf
w→p
[kD(z0, w)− kD(z0, f(w))].
Since
kD(z0, w)− kD(z0, f(w)) ≥ kD(f(z0), f(w))− kD(z0, f(w))
≥ −kD(f(z0), z0) > −∞,
(2.1)
the boundary dilation coefficient is always strictly positive. Moreover, the boundary
dilation coefficient does not depend on z0 and can be computed using pluripotential
theory as in the classical Julia lemma for the unit disc (see [9]).
We state here the part of the Julia-Wolff-Carathe´odory type theorem for strongly
convex domains we need for our aims (see [1, Thm. 2.7.14], [2] for (1), and [6, Prop.
3.4, Remark. 3.5] for (2)):
Theorem 2.5. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary and let z0 ∈ D and p ∈ ∂D. Let f : D → D be holomorphic and assume
αp(f) < +∞. Then f(p) = K- lim
z→p
f(z) exists and f(p) ∈ ∂D. Moreover,
(1) the holomorphic function
D ∋ z 7→
1− ρ˜f(p)(f(z))
1− ρ˜p(z)
has limit αp(f) along any special and restricted sequence {zk} ⊂ D which
converges to p. In particular, the holomorphic self-map of D given by
ζ 7→ ρ˜f(p)(f(ϕp(ζ))) has a boundary regular fixed point at 1 and α1
(
ρ˜f(p) ◦
f ◦ ϕp
)
= αp(f).
(2) The curve [0, 1] ∋ t 7→ f(ϕp(t)) converges to f(p) and it is special and
restricted.
Boundary dilation coefficients satisfy the chain rule:
Lemma 2.6. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary. Let f, g : D → D be holomorphic and let p ∈ ∂D. If αp(g ◦ f) < +∞.
Then αp(f) < +∞ and αf(p)(g) < +∞, where f(p) = K- lim
z→p
f(z). Moreover,
(2.2) αp(g ◦ f) = αf(p)(g) · αp(f).
Conversely, if αp(f) < +∞, then (2.2) holds.
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Proof. Let z0 ∈ D. Assume αp(g ◦ f) < +∞. Since
αp(g ◦ f) = lim inf
w→p
[kD(z0, w)− kD(z0, g(f(w)))]
≥ lim inf
w→p
[kD(z0, w)− kD(z0, f(w))]
+ lim inf
w→p
[kD(z0, f(w))− kD(z0, g(f(w)))]
and both terms in the right hand side are not −∞ by (2.1), it follows that αp(f) <
+∞. By Theorem 2.5, f(p) exists and αf(p)(g) < +∞. Moreover, for t ∈ [0, 1)
(2.3)
1− ρ˜g(f(p))(g(f(ϕp(t))))
1− t
=
1− ρ˜g(f(p))(g(f(ϕp(t))))
1− ρ˜f(p)(f(ϕp(t)))
1− ρ˜f(p)(f(ϕp(t)))
1− t
.
Since ρ˜p(ϕp(t)) = t, equation (2.2) follows by Theorem 2.5 letting t→ 1.
Conversely, assume αp(f) < +∞. If αf(p)(g) = +∞, then αp(g ◦ f) = +∞
from what we already proved. So we can assume αf(p)(g) < +∞. By (2.3) and
Theorem 2.5, the term on the left hand side has limit αf(p)(g) · αp(f) for t → 1.
By [9, Thm. 2.7] it follows that αp(g ◦ f) < +∞ and in fact (2.2) holds. 
Definition 2.7. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary. If f : D → D is holomorphic, we say that p ∈ ∂D is a contact
point for f if K- lim
z→p
f(z) = f(p) exists and f(p) ∈ ∂D. The contact point p is a
regular contact point if αf (p) < +∞.
In case p = f(p), the point p is called a boundary fixed point. If it is also
regular, it is called a boundary regular fixed point, or BRFP for short. For A > 0,
we denote by
BRFPA(f) := {p ∈ ∂D | f(p) = p, αf (p) ≤ A}.
A point p ∈ BRFPA(f) \ BRFP1(f) is called a boundary repelling fixed point.
A point p ∈ BRFPA(f) is called isolated if there exists a neighborhood U of p
such that BRFPA(f) ∩ U = {p}.
In the unit disc, as a consequence of Cowen-Pommerenke’s estimates [14] (see
also [7, Thm. 2.2]), every boundary repelling fixed point is isolated. In higher
dimension, this is no longer true (see [24, Example 6.3]).
The Denjoy-Wolff type theorem for strongly convex domains (see [1, Thm. 2.4.23],
[9, Prop. 2.9] and [4]) can be stated as follows:
Theorem 2.8. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary and let f : D → D be holomorphic. Then either
(1) there exists a complex geodesic ϕ : D→ D and θ ∈ R such that f(ϕ(ζ)) =
ϕ(eiθζ) for all θ ∈ D, and in particular f(ϕ(0)) = ϕ(0) and αf (p) = 1 for
all p ∈ ∂ϕ(D), or
(2) there exists x ∈ D such that f(x) = x and for every p ∈ ∂D it holds
αf (p) > 1, and in such a case the sequence of iterates {f◦m} converges
uniformly on compacta to the constant map z 7→ x, or
(3) BRFP1(f) contains a unique point τ ∈ ∂D such that the sequence of iter-
ates {f◦m} converges uniformly on compacta to the constant map z 7→ τ
and αf (p) > 1 for all p ∈ ∂D \ {τ}.
A holomorphic self-map f of D is called rotational elliptic if it satisfies (1) of
Theorem 2.8. It is called strongly elliptic if it satisfies (2) of Theorem 2.8. Finally,
f is called non-elliptic if it satisfies (3) of Theorem 2.8.
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In the non-elliptic case, the point τ is called the Denjoy-Wolff point of f , and
f has no fixed points in D. In the strongly elliptic case, f has a unique fixed point
in D.
Boundary regular stationary points, namely boundary regular fixed points with
dilation coefficients = 1 are very special. The following lemma follows at once from
Theorem 2.8 and [9, Prop. 2.9.(1)]:
Lemma 2.9. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary and let f : D → D be holomorphic. Let p ∈ ∂D be such that αf (p) = 1.
If p is isolated, then f is non-elliptic and p is in fact the Denjoy-Wolff point of f .
3. Backward iteration sequences
In order to prove our main result, we shall use the so-called backward iteration
sequences.
Definition 3.1. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary and let f : D → D be holomorphic. A backward iteration
sequence for f at p ∈ ∂D is a sequence {wk} ⊂ D such that f(wk+1) = wk for
all k ∈ N and
1
2
log s({wk}) := sup
k∈N
kD(wk, wk+1) < +∞.
The number s({wk}) is called the hyperbolic step of the sequence {wk}.
Backward iteration sequences in the unit disc were introduced in [7], exploiting
results from [25], in order to study BRFP’s for commuting mappings, and they
have been throughly studied in [26]. Such results have been generalized to the ball
in [24] and to strongly convex domains for non rotational elliptic maps in [3]. The
following lemma is the content of [3, Lemma 2.2, Lemma 2.3]
Lemma 3.2. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary, and let f : D → D be a holomorphic map. Let {wn} be a backward
iteration sequence converging toward the boundary of D. Then there exists a BRFP
p ∈ ∂D for f such that wn → p and αf (p) ≤ s({wk}).
The following result is proved in [3, Thm. 0.1, Lemma 2.3, Thm. 3.3]):
Theorem 3.3. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary, and let f : D → D be a holomorphic map either strongly elliptic or non-
elliptic.
(1) If {wk} is a backward iteration sequence, then {zk} converges to p ∈
BRFPA(f) for some A ≥ 1 and αf (p) ≤ s({wk}). In case αf (p) = 1,
then f is non-elliptic and p is the Denjoy-Wolff point of f .
(2) If p ∈ ∂D is an isolated boundary repelling fixed point of f , then there
exists a backward iteration sequence {wk} converging to p with hyperbolic
step s({wk}) = αf (p).
(3) If {wk} is a backward iteration sequence which converges to p and αf (p) >
1, then there exists M > 1 and k0 ∈ N such that {wk}k≥k0 ⊂ Kz0(p,M).
We examine now the rotational elliptic case. In order to state our result, we
need some notation. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary and let f : D → D be a holomorphic rotational elliptic map.
By [1, Thm. 2.1.29], there exists a closed complex submanifold M ⊂ D and a
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holomorphic map π : D → D such that π(D) = M , π ◦ π = π, π ◦ f = f ◦ π,
f(M) = M and f |M is an automorphism of M . The manifold M is called the limit
manifold of f since for all z ∈ D \M the limit set of {f◦m(z)} belongs to M . In
particular, if Z = {z ∈ D | f(z) = z} it follows that ∅ 6= Z ⊆ M . The map π is
called the limit retraction of f , and it can be obtained as the limit of a sequence of
iterates of f ; moreover, if π′ : D → D is another limit of a sequence of iterates of f
such that π′ ◦ π′ = π′ then π′ = π. In particular, all iterates of f have the same
limit retraction and the same limit manifold.
Proposition 3.4. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary, and let f : D → D be a rotational elliptic holomorphic map and
let M be the limit manifold of f .
(1) A point p ∈ ∂D is a regular contact point of f with αf (p) = 1 if and only
if p ∈M ∩ ∂D.
(2) If {wk} ⊂ D is a backward iteration sequence and there exists R > 0 such
that infy∈M ‖wk − y‖ ≥ R, then {wk} converges to p ∈ BRFPA(f) for
some A > 1 and s({zk}) ≥ αf (p) > 1.
(3) If p ∈ ∂D is an isolated boundary repelling fixed point of f , then there
exists a backward iteration sequence {wk} converging to p with hyperbolic
step s({wk}) = αf (p).
(4) If {wk} is a backward iteration sequence which converges to p and αf (p) >
1, then there exists T > 1 and k0 ∈ N such that {wk}k≥k0 ⊂ Kz0(p, T ).
Proof. (1) Let p ∈ ∂D ∩M . Let z0 ∈ M be such that f(z0) = z0, and let
ϕp : D→ D be the complex geodesic such that ϕp(0) = z0, ϕp(1) = p.
We claim that ϕp(D) ⊂M . Since π ◦ π = π and by the decreasing property of
the Kobayashi distance, for all z, w ∈M
kM (z, w) = kM (π(z), π(w)) ≤ kD(z, w) ≤ kM (z, w),
from which it follows thatM is totally geodesic inD, i.e., kD|M = kM . In particular,
if η : D → D is a complex geodesic such that η(0) ∈ M and η(r) ∈ M for some
r ∈ (0, 1), we have
kD(π(η(0)), π(η(r))) = kD(η(0), η(r)) = kD(0, r),
and hence π ◦ η : D→ D is also a complex geodesic. By the uniqueness of complex
geodesics up to pre-composition with automorphisms of D, it follows that in fact
π ◦ η(ζ) = η(ζ) for all ζ ∈ D. Thus, η(D) ⊂ M and η is a complex geodesic both
for D and for M . Now, let {wm} ⊂M be a sequence which converges to p and let
ϕm : D → D be the complex geodesic such that ϕm(0) = z0 and ϕm(rm) = wm for
some rm ∈ (0, 1). From what we just proved, ϕm(D) ⊂ M . Up to subsequences,
we can assume that {ϕm} converges uniformly on compacta to a holomorphic map
h : D → M such that h(0) = z0. By Proposition 2.1, ϕm → h uniformly on D and
h is a complex geodesic for D (and for M). But, since ϕm(rm)→ p, it follows that
h(1) = p and hence h = ϕp, which proves that ϕp(D) ⊂M .
Now, since f : M →M is an automorphism, and in particular an isometry for
the Kobayashi distance, f ◦ ϕp : D → M is a complex geodesic in M , and hence
in D. In particular, lim
r→1
f(ϕp(r)) = q ∈ ∂D exists and ϕq ≡ f ◦ ϕp. Therefore,
ρ˜q(f(ϕp(ζ))) = ζ for all ζ ∈ D and by Theorem 2.5.(1), αf (p) = 1.
Conversely, assume p ∈ ∂D is a regular contact point with αf (p) = 1. Let q =
f(p) and z0 ∈ Z. Let ϕp, ϕq be the complex geodesics such that ϕp(0) = ϕq(0) = z0
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and ϕp(1) = p, ϕq(1) = q. Then g := ρ˜q ◦f ◦ϕp is a holomorphic self-map of D such
that g(0) = 0 and g(1) = 1, αg(1) = αf (p) = 1 by Theorem 2.5. As a consequence
of the classical Julia lemma [1, Corollary 1.2.10], g(ζ) = ζ for all ζ ∈ D. Hence for
all ζ1, ζ2 ∈ D
kD(ζ1, ζ2) ≤ kD(f(ϕp(ζ1)), f(ϕp(ζ1))) ≤ kD(ϕp(ζ1), ϕp(ζ2)) = kD(ζ1, ζ2),
and thus f ◦ ϕp is a complex geodesic. The result follows then from:
Claim A: If ϕ : D → D is a complex geodesic such that ϕ(0) = z0 ∈ Z and
f ◦ ϕ : D→ D is also a complex geodesic, then ϕ(D) ⊂M .
In order to prove Claim A, recall that by [1, Thm. 2.1.21], the tangent space
to D at z0 admits a dfz0-invariant splitting Tz0D = LN ⊕LU such that Tz0M = LU
and the spectrum of dfz0 in LU is contained in ∂D, while the spectrum of dfz0 in
LN is contained in D. Note that dπz0 |LU = id. Therefore if η : D→ D is a complex
geodesic such that η(0) = z0 and η
′(0) ∈ LU , then π ◦ η : D → D is a holomorphic
map such that κD(z0; (π ◦ η)′(0)) = κD(0; 1); hence it is an infinitesimal isometry
for the Kobayashi metric. Thus π ◦ η is a complex geodesic, and by the uniqueness
of infinitesimal isometry, π ◦ η = η. Hence η(D) ⊂M .
In the hypothesis of Claim A, κD(z0;ϕ
′(0)) = κD(z0; dfz0(ϕ
′(0)). Hence ϕ′(0)
belongs to LU and therefore ϕ(D) ⊂M .
(2) Step 1. Let z0 ∈ Z. We claim that
(3.1) kD(z, z0) > kD(f(z), z0) ∀z ∈ D \M.
Clearly, kD(f(z), z0) ≤ kD(z, z0). Assume by contradiction that kD(f(z), z0) =
kD(z, z0) for some z ∈ D \M . Let ϕ : D → D be the complex geodesic such that
ϕ(0) = z0 and ϕ(r) = z for some r ∈ (0, 1). Then
kD(f(ϕ(r)), ϕ(0)) = kD(f(z), z0) = kD(z, z0) = kD(ϕ(r), ϕ(0)),
and therefore f ◦ ϕ is a complex geodesic in D. By Claim A, ϕ(D) ⊂ M , thus
z ∈M , a contradiction.
Step 2. Let z0 ∈ Z.
Claim B: For all R0 > 0 there exists 0 < c = c(R0) < 1 such that for all z ∈ D
with infy∈M ‖z − y‖ ≥ R0, it holds
(3.2) kD(f(z), z0)− kD(z, z0) ≤
1
2
log c < 0.
Assume (3.2) is not true. Then for every c < 1, there exists z(c) ∈ D such that
infy∈M ‖z(c)− y‖ ≥ R0 and
(3.3) kD(f(z(c)), z0)− kD(z(c), z0) >
1
2
log c.
Let x ∈ D be a limit point of {z(1 − 1n )}. Since infy∈M ‖z(c) − y‖ ≥ R0, it
follows that x 6∈ M . If x ∈ D, it follows from (3.3) that kD(f(x), z0) ≥ kD(x, z0),
contradicting (3.1). Hence x ∈ ∂D and
lim inf
z→x
[kD(z, z0)− kD(f(z), z0)] ≤ 0.
But then x is a boundary regular contact point with αf (x) ≤ 1, and by part (1),
x ∈M , again a contradiction.
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Step 3. Let {wk} be a backward iteration sequence satisfying the hypothesis of
(2). Let c = c(R) be given by Step 2. By induction on (3.2) we obtain that for all
k ∈ N,
e−2kD(wk,z0) ≤ cke−2kD(w0,z0);
hence kD(wk, z0) → ∞ for k → ∞. Therefore, wk → ∂D. The result follows then
from Lemma 3.2.
(3) By (1), p 6∈ M . Let ǫ > 0 be such that U := {z ∈ CN | ‖z − p‖ < ǫ}
has the property that U ∩M = ∅ and U ∩ BRFPαf (p)(f) = {p}. Arguing exactly
as in the proof of [3, Thm. 3.3] we can construct a backward iteration sequence
{wk} ⊂ U with hyperbolic step s({wk}) ≤ αf (p). Since U ∩M = ∅, {wk} satisfies
the hypothesis of (2); hence it converges to a boundary regular fixed point of f , say
q ∈ ∂D ∩ U , with αf (q) ≤ αf (p). But U ∩ BRFPαf (p)(f) = {p} implies q = p and
we are done.
(4) Since {wk} converges to a boundary repelling fixed point p ∈ ∂D, and by
(1), p 6∈M ; hence {wk} satisfies the hypothesis of Claim B. Therefore, by (3.2)
lim inf
k→∞
[kD(z0, zk+1)− kD(z0, zk)] ≥
1
2
log
1
c
> 0.
Now the proof follows arguing exactly as in [3, Lemma 2.5]. 
4. Semigroups
Let D ⊂ CN be a bounded strongly convex domain with smooth boundary. A
(continuous) semigroup (φt) of holomorphic self-maps of D is a continuous homo-
morphism from the semigroup (R+,+) endowed with the Euclidean topology, to
the semigroup (with respect to the composition of maps) of holomorphic self-maps
of D endowed with the topology of uniform convergence on compacta (see, e.g.,
[27], [1], [9]).
If (φt) is a semigroup of holomorphic self-maps of D, we will denote by αt(p) :=
αp(φt) the dilation coefficient of φt at p ∈ ∂D.
Also, we denote by Fix(φt) := {z ∈ D | φt(z) = z ∀t ≥ 0}.
The following result was proved in [1, Thm. 2.5.24, Prop. 2.5.26]; see also [5]
and [8, Thm. A.1].
Theorem 4.1. Let D ⊂ Cn be a bounded strongly convex domain with smooth
boundary. Let (φt) be a semigroup of holomorphic self-maps of D. Then either
• Fix(φt) 6= ∅, or
• φt is non-elliptic for all t > 0, and there exists a unique τ ∈ ∂D such that
τ is the Denjoy-Wolff point of φt.
The following result follows from [9, Corollary 4.8, Prop. 3.3]:
Proposition 4.2. Let D ⊂ Cn be a bounded strongly convex domain with
smooth boundary. Let (φt) be a semigroup of holomorphic self-maps of D.
(1) Suppose there exists t0 > 0 such that φt0 is strongly elliptic. Then φt is
strongly elliptic for all t ≥ 0.
(2) If p ∈ ∂D is a BRFP for φt for every t ≥ 0, then there exists λ ∈ (0,+∞)
such that αt(p) = λ
t.
The previous results ensure that the following definition is well-posed:
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Definition 4.3. Let D ⊂ Cn be a bounded strongly convex domain with
smooth boundary. Let (φt) be a semigroup of holomorphic self-maps of D.
(1) (φt) is non-elliptic if φ1 is non-elliptic. In such a case, if τ ∈ ∂D is the
Denjoy-Wolff point of φ1, we call τ the Denjoy-Wolff point of (φt).
(2) (φt) is strongly elliptic if φ1 is strongly elliptic.
(3) (φt) is rotational elliptic if φ1 is rotational elliptic.
For rotational elliptic semigroups, (φt), let Mt denote the limit manifold of φt
for t > 0. We let
M(φt) := M1.
Lemma 4.4. Let D ⊂ Cn be a bounded strongly convex domain with smooth
boundary. Let (φt) be a rotational elliptic semigroup of holomorphic self-maps
of D. Then Mt = M(φt) for every t > 0. In particular, (φt)|M(φt) is a group
of automorphisms of M(φt).
Proof. Since φ1 is an iterate of φ1/q for any q ≥ 1 and the limit manifold of an
iterate coincides with the limit manifold of the original map, we have M1/q = M1
for all q ≥ 1. For the same reason, we have Mp/q = M1/q = M1 for all p/q ∈ Q
+.
Since Q+ is dense in R+ it follows that Mt =M1 for all t > 0. 
5. Regular contact points for semigroups
Contact points for semigroups of the unit disc were studied in [11] exploiting
the existence of the so-called Ko¨nigs’ function, a tool which is not available in higher
dimension. To replace it, we shall use complex geodesics.
Proposition 5.1. Let D ⊂ CN be a bounded strongly convex domain with
smooth boundary. Let (φt) be a semigroup of holomorphic self-maps of D. Let t0 > 0
and let p ∈ ∂D be a regular contact point for φt0 . Then there exists T ∈ [t0,+∞]
such that p is a regular contact point for φt for all t ∈ [0, T ). Moreover, the curve
[0, T ) ∋ r 7→ φr(p) ∈ ∂D is continuous.
Proof. If p is the Denjoy-Wolff point of (φt) (when (φt) is non-elliptic) or it
belongs to the closure of Fix(φt) (when (φt) is elliptic but not strongly elliptic) then
p is a BRFP for all φt by Theorem 2.8 and the statement is true. Thus, we can
suppose that p is neither the Denjoy-Wolff nor in the closure of Fix(φt).
Let T := sup t ∈ [0,+∞) such that p is a regular contact point for φt. By
assumption T ≥ t0.
Fix ǫ > 0. If T < +∞, let T ≥ t1 > T − ǫ be such that p is a regular contact
point for φt1 . If T = +∞, let t1 ≥ 1/ǫ be such that p is a regular contact point for
φt1 . We will show that for all t ∈ [0, t1], p is a regular contact point for φt. Taking
ǫ→ 0, we will get the first statement.
To this aim, let s, t > 0 be such that s + t = t1. Since φt1 = φt+s = φt ◦ φs,
it follows by Lemma 2.6 and Theorem 2.5 that p is a regular contact point for φs,
that φs(p) ∈ ∂D is a regular contact point for φt and that
(5.1) αt
(
φs(p)
)
· αs(p) = αt+s(p) = αt1(p) < +∞ .
In particular, it follows that p is a regular contact point for φt for all t ∈ [0, T ).
Now, we consider the curve [0, T ) ∋ r 7→ φr(p) ∈ ∂D and we prove that it
is continuous. Fix z0 ∈ D. Let ϕ : D → D be the complex geodesic such that
ϕ(0) = z0 and ϕ(1) = p. Let r0 ∈ [0, T ) be fixed. For r ∈ [0, T ) close to r0, let
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ϕr : D → D denote the complex geodesic such that ϕr(0) = z0 and ϕr(1) = φr(p)
and let ρ˜r : D → D be the left-inverse of ϕr. Let us define
gr(ζ) := ρ˜r(φr(ϕ(ζ))) ∀ζ ∈ D.
By construction, gr : D→ D is holomorphic and by Theorem 2.5.(1), 1 is a boundary
regular fixed point for gr with boundary dilation coefficient αr(p). Thus, again by
the classical Julia-Wolff-Carathe´odory theorem in D, the derivative g′r has non-
tangential limit αr(p) at 1.
Let us fix t1 < T such that t1 > r0. From (5.1) we get that for all r ≤ t1
setting t = t1 − r it holds αr(p) = αt1(p)/αt(φr(p)). Now, if αt(φr(p)) ≥ 1 for all
r ∈ [0, t1], it follows that αr(p) ≤ αt1(p) for all r ∈ [0, t1]. On the other hand, if
αt(φr˜(p)) < 1 for some r˜ ≤ t1, by Theorem 2.8, it follows that q = φr˜(p) is the
Denjoy-Wolff point of (φt); in particular, by Proposition 4.2, αu(φr˜(p)) = e
βu for
all u ≥ 0 and some β < 0 independent of r˜. It follows that αr˜(p) ≤ αt1(p)e
−βt1 ,
and thus we have proved that there exists C > 0 such that
αr(p) ≤ C
for all r ≤ t1.
Let M > 1 and let
K :=
{
ζ ∈ D
∣∣ |1− ζ| ≤M(1− |ζ|)} ⊂ D ∪ {1}
be (the closure of) a Stolz angle in D with vertex 1 (see, e.g., [1, p. 53]). Since
g′r(1) = αr(p) ≤ C for all r ≤ t1, it follows that {g
′
r} is equibounded in K. Hence
{gr} is equicontinuous on K (and it is clearly equibounded in K by 1). Applying
Ascoli-Arzela`’s theorem, we find a subsequence rk → r0 such that {grk} converges
uniformly on K to some continuous function g. In particular, note that g(1) = 1.
Up to a subsequence, we can also assume that {ϕrk} converges uniformly on
compacta of D to a holomorphic map η : D→ D such that η(0) = z0. By Proposi-
tion 2.1, η is a complex geodesic and ϕrk → η uniformly onD. Since ϕrk(1) = φrk(p)
by construction, it follows that φrk(p) → η(1). Let ρ˜ : D → D be the left inverse
of η. By Proposition 2.1, {ρ˜rk} converges uniformly on D to ρ˜.
Since φrk → φr0 uniformly on compacta ofD, it follows that g(ζ) = ρ˜(φr0(ϕ(ζ)))
for all ζ ∈ K. Taking the radial limit at 1, we obtain
1 = lim
(0,1)∋s→1
g(s) = lim
(0,1)∋s→1
ρ˜(φr0(ϕ(s))) = ρ˜(φr0(p)).
Since the only point in the fiber of ρ˜ over 1 is the point η(1), it follows that η(1) =
φr0(p), hence φrk(p) → φr0(p). Repeating the argument for any subsequence, we
obtain the result. 
6. Common BRFP’s for semigroups
Theorem 6.1. Let D ⊂ CN be a bounded strongly convex domain with smooth
boundary. Let (φt) be a semigroup of holomorphic self-maps of D. Suppose p ∈ ∂D
is an isolated boundary repelling fixed point for φt0 for some t0 > 0. Then p is a
boundary repelling fixed point for φt for all t > 0.
Proof. By Theorem 3.3 or Proposition 3.4, there exists a backward iteration
sequence {wn} for φt0 such that kD(wn, wn+1) ≤
1
2 logαt0(p) and {wn} converges
to p inside a K-region. For t ∈ [0, t0), define ztn := φt(wn). Then
φt0(z
t
n) = φt(φt0(wn)) = φt(wn−1) = z
t
n−1,
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and
(6.1) kD(z
t
n, z
t
n+1) = kD(φt(wn), φt(wn+1)) ≤ kD(wn, wn+1) ≤
1
2
logαt0(p).
Hence {ztn} is a backward iteration sequence for φt0 . Moreover, by Proposition 5.1,
p is a regular contact point for φt all t ∈ [0, t0]. Since {wn} converges to p inside a
K-region, by Theorem 2.5
qt := lim
n→∞
ztn = lim
n→∞
φt(wn) = φt(p) ∈ ∂D.
Therefore, by Lemma 3.2, qt is a BRFP for φt0 with dilation coefficient αt0(qt) ≤
αt0(p).
Hence, by Proposition 5.1, the curve [0, t0] ∋ t 7→ qt is a continuous curve made
of BRFP’s of φt0 and αt0(qt) ≤ αt0(p). Since p is isolated, the only possibility is
qt = p for all t ∈ [0, t0].
Now, let t > 0. Then t = mt0 + s for some m ∈ N and s ∈ [0, t0). Hence
φt(p) = φmt0+s(p) = φmt0(φs(p)) = φ
◦m
t0 (p) = p.
Moreover, by Lemma 2.6, αt(p) = αt0(p)
m · αs(p) < +∞, which implies that p is a
common BRFP for (φt). 
Now we can prove Theorem 1.1:
Proof of Theorem 1.1. By Theorem 4.1 and Lemma 2.9, if αf (p) ≤ 1 then
p is the common Denjoy-Wolff point of (φt). If αf (p) > 1 the result follows from
Theorem 6.1. 
For rotational elliptic semigroups there might exist boundary regular (in fact
stationary) non isolated fixed points which are not fixed for all the elements of the
semigroup:
Example 6.2. Let φt(z, w) = (e
2piitz, w). Then (φt) is a rotational elliptic
semigroup of B2. The points ∂D× {0} are BRFP’s for φ1 (with boundary dilation
coefficient 1) but not for φt with t 6= 0 mod 1.
Remark 6.3. Theorem 1.1 states that, given a a semigroup (φt) of holomorphic
self-maps of D and an isolated boundary regular fixed point p ∈ ∂D for φt0 for some
t0 > 0, then p is a boundary regular fixed point for φt for all t ≥ 0. We do not
know whether p is also an isolated boundary regular fixed point for φt, for all t > 0.
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